We study the nonlinear eigenvalue problem -Au = Xm(x)\uf~~u iniî, -=0 onc*C2, where p > 1 , À e R. p On
Introduction
Let Q be a bounded domain in R" with smooth boundary dÇl. For a given number p > 1 and a function w(x) e C(Q), we consider the following nonlinear eigenvalue problem with Neumann boundary condition (1) -Apu -kmix)\uf~ u in Q (2) ^ = 0 on dD. on where Apu = div(|VM|p_2Vw) is the p-Laplacian and k e R. The operator -A with p ^ 2 arises from a variety of physical phenomena. It is used in non-Newtonian fluids, in some reaction-diffusion problems, as well as in flow through porous media. It also appears in nonlinear elasticity, glaceology, and petroleum extraction. Diaz [4] collected detailed references on physical background and presented mathematical treatments of free boundary problem associated with -A . Recently, the eigenvalue problems of -A with indefinite weight with respect to Dirichlet boundary conditions were investigated by Otani and Teshima [9] and Anane [1] , while Guedda and Veron [5] studied the one-dimensional bifurcation phenomena of -A . We refer to [1, 4, 5, 9] for more references and for other aspects of -A . In the case p = 2, eigenvalue problems of second-order elliptic operator with indefinite weight were studied by many authors. Senn and Hess [10] , Hess and Senn [7] studied eigenvalue problems with Neumann boundary conditions. Bandle, Pozio, and Tesei [2] studied the existence and uniqueness of positive solutions to some nonlinear Neumann problems. The purpose of this paper is to study the existence of a positive real number kx , the first eigenvalue, such that (l)-(2) has a positive solution ux if and only if k = kx and such that kx is simple in the sense that such solution ux is unique up to a constant multiplication. Our approach in this paper follows the technique of [10] . However, since the problem we study is nonlinear and the associated operator is not selfadjoint, the Krein-Rutman theory used extensively in [10] is not applicable here.
The rest of the paper is organized as follows. In §2, we introduce some known results for the /7-Laplacian and set up the framework for later sections. In §3, the existence, uniqueness, and simplicity of the first positive eigenvalue kx are proved for the case fnm{x)dx < 0. The exceptional case fQmix)dx = 0 is discussed in §4, where we prove that k0 = 0 is the only eigenvalue with a corresponding positive eigenfunction.
Preliminaries
In this section, we will set up an appropriate functional analysis framework for our problem. We first state some fundamental properties of the solutions of the following Neumann boundary value problem, A simple integration shows that if m(x) is of constant sign, there is no nonzero eigenvalue k of (l)- (2) with a positive eigenfunction. Thus from now on we always assume that m(x) changes sign in ÇÏ. Also, without loss of generality, we assume that Hwix)^ < 1.
For a > 0 , define Ka = Ra{M+l)J. Then Kn is compact and strictly positive. We note that u is a solution of (5) if and only if « is a solution of i (6) u = kP-iKku.
Main results
We start with the construction of a subsolution to (6) . The same technique was employed in [2, 6, 10] for the same purpose. Lemma 1. There exist a0 > 0 and wQ e L°°(Q), w0 > 0, such that i (7) ™o<QrTX0™o> i.e., wQ is a subsolution to (6) for k = aQ. Lemma 2. For this aQ , there exist a, such that 0 < a, < aQ and wx e L°°(Q), wx > 0, such that i i (9) ttf, =af-lKt wx =af"l(L + a0/)"1(M+ l)Jwx. Hence we conclude that i W. < ap~x K W. ,
since (aQ -a, ) > 0 and (L + ax J)~ is strictly positive. Repeated application of Lemma 2 yields a decreasing sequence of real numbers an > 0 and a sequence of functions wn e L°°(Q), wn > 0, such that (10) {L + anJ)wn = an{M+l)wn-{an_x -an)Jwn.
We will normalize wn so that H^JI^ = 1 • License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Combining with (14) we conclude that |Vw,| = 0, i.e. ux is a constant. Thus from (l)- (2) we conclude that kx = 0, which is a contradiction. Hence the theorem is proved. and hence the result.
Remark. We note that this corollary holds for nonnegative solutions: we need only consider the integration over the support of u in this case. A direct consequence of this corollary is that if /nw(x) > 0, ( 16)-( 17) has no positive solutions.
